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Abstract
A graph G is k-critical if it has chromatic number k, but every proper subgraph of G is
(k − 1)–colorable. Let fk(n) denote the minimum number of edges in an n-vertex k-critical
graph. In a very recent paper, we gave a lower bound, fk(n) ≥ F (k, n), that is sharp for every
n = 1 (modk − 1). It is also sharp for k = 4 and every n ≥ 6. In this note, we present a simple
proof of the bound for k = 4. It implies the case k = 4 of the conjecture by Ore from 1967
that for every k ≥ 4 and n ≥ k + 2, fk(n+ k − 1) = f(n) +
k−1
2
(k − 2
k−1
). We also show that
our result implies a simple short proof of the Gro¨tzsch Theorem that every triangle-free planar
graph is 3-colorable.
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1 Introduction
A proper k-coloring, or simply k-coloring, of a graph G = (V,E) is a function f : V → {1, 2, . . . , k}
such that for each uv ∈ E, f(u) 6= f(v). A graph G is k-colorable if there exists a k-coloring of G.
The chromatic number, χ(G), of a graph G is the smallest k such that G is k-colorable. A graph G
is k-critical if G is not (k− 1)-colorable, but every proper subgraph of G is (k− 1)-colorable. Then
every k-critical graph has chromatic number k and every k-chromatic graph contains a k-critical
subgraph.
The only 1-critical graph is K1, and the only 2-critical graph is K2. The only 3-critical graphs
are the odd cycles. Let fk(n) be the minimum number of edges in a k-critical graph with n vertices.
Since δ(G) ≥ k−1 for every k-critical n-vertex graph G, fk(n) ≥
k−1
2 n for all n ≥ k, n 6= k+1.
Equality is achieved for n = k and for k = 3 and n odd. In 1957, Dirac [2] asked to determine
fk(n) and proved that for k ≥ 4 and n ≥ k + 2, fk(n) ≥
k−1
2 n +
k−3
2 . The bound is tight for
n = 2k − 1. Gallai [4] found exact values of fk(n) for k + 2 ≤ n ≤ 2k − 1:
Theorem 1 (Gallai [4]) If k ≥ 4 and k + 2 ≤ n ≤ 2k − 1, then
fk(n) =
1
2
((k − 1)n + (n − k)(2k − n))− 1.
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He also proved that fk(n) ≥
k−1
2 n +
k−3
2(k2−3)
n for all k ≥ 4 and n ≥ k + 2. Gallai in 1963 and
Ore [9] in 1967 reiterated the question on finding fk(n). Ore observed that Hajo´s’ construction
implies
fk(n+ k − 1) ≤ fk(n) +
(k − 2)(k + 1)
2
= fk(n) + (k − 1)(k −
2
k − 1
)/2, (1)
which yields that φk := limn→∞
fk(n)
n
exists and satisfies φk ≤
k
2 −
1
k−1 . Ore [9] also conjectured
that for every n ≥ k + 2, in (1) equality holds.
More detail on known results about fk(n) and Ore’s Conjecture the reader can find in [6][Problem
5.3] and our recent paper [8]. In [8] we proved the following bound.
Theorem 2 If k ≥ 4 and G is k-critical, then |E(G)| ≥
⌈
(k+1)(k−2)|V (G)|−k(k−3)
2(k−1)
⌉
. In other words,
if k ≥ 4 and n ≥ k, n 6= k + 1, then
fk(n) ≥ F (k, n) :=
⌈
(k + 1)(k − 2)n − k(k − 3)
2(k − 1)
⌉
. (2)
This bound is exact for k = 4 and every n ≥ 6. For every k ≥ 5, the bound is exact for every
n ≡ 1 (mod k − 1), n 6= 1. In particular, φk =
k
2 −
1
k−1 for every k ≥ 4. The result also confirms
the above conjecture by Ore from 1967 for k = 4 and every n ≥ 6 and also for k ≥ 5 and all
n ≡ 1 (mod k − 1), n 6= 1. One of the corollaries of Theorem 2 is a short proof of the following
theorem due to Gro¨tzsch [5]:
Theorem 3 ([5]) Every triangle-free planar graph is 3-colorable.
The original proof of Theorem 3 is somewhat sophisticated. There were subsequent simpler
proofs (see, e.g. [10] and references therein), but Theorem 2 yields a half-page proof. A disadvantage
of this proof is that the proof of Theorem 2 itself is not too simple. The goal of this note is to give
a simpler proof of the case k = 4 of Theorem 2 and to deduce Gro¨tzsch’ Theorem from this result.
Note that even the case k = 4 was a well-known open problem (see, e.g. [7][Problem 12] and recent
paper [3]). Some further consequences for coloring planar graphs are discussed in [1].
In Section 2 we prove Case k = 4 of Theorem 2 and in Section 3 deduce Gro¨tzsch Theorem
from it. Our notation is standard. In particular, χ(G) denotes the chromatic number of graph G,
G[W ] is the subgraph of a graph G induced by the vertex set W . For a vertex v in a graph G,
dG(v) denotes the degree of vertex v in graph G, NG(v) is the set of neighbors of v. If the graph
G is clear from the context, we drop the subscript.
2 Proof of Case k = 4 of Theorem 2
The case k = 4 of Theorem 2 can be restated as follows.
Theorem 4 If G is 4-critical, then |E(G)| ≥
⌈
5|V (G)|−2
3
⌉
.
Definition 5 For R ⊆ V (G), define the potential of R to be ρG(R) = 5|R| − 3|E(G[R])|. When
there is no chance for confusion, we will use ρ(R). Let P (G) = min∅6=R⊆V (G) ρ(R).
Fact 6 We have ρK1(V (K1)) = 5, ρK2(V (K2)) = 7, ρK3(V (K3)) = 6, ρK4(V (K4)) = 2.
2
Note that |E(G)| ≥ 5|E(G)|−23 is equivalent to ρ(V (G)) ≤ 2. Suppose Theorem 4 does not hold.
Let G be a vertex-minimal 4-critical graph with ρ(V (G)) > 2. This implies that
if |V (H)| < |V (G)| and P (H) > 2, then H is 3-colorable. (3)
Definition 7 For a graph G, a set R ⊂ V (G) and a 3-coloring φ of G[R], the graph Y (G,R, φ) is
constructed as follows. First, for i = 1, 2, 3, let R′i denote the set of vertices in V (G)−R adjacent
to at least one vertex v ∈ R with φ(v) = i. Second, let X = {x1, x2, x3} be a set of new vertices
disjoint from V (G). Now, let Y = Y (G,R, φ) be the graph with vertex set (V (G) − R) ∪X, such
that Y [V (G) −R] = G−R and N(xi) = R
′
i ∪ (X − xi) for i = 1, 2, 3.
Claim 8 Suppose R ⊂ V (G), and φ is a 3-coloring of G[R]. Then χ(Y (G,R, φ)) ≥ 4.
Proof. Let G′ = Y (G,R, φ). Suppose G′ has a 3-coloring φ′ : V (G′)→ C = {1, 2, 3}. By construc-
tion of G′, the colors of all xi in φ
′ are distinct. So we may assume that φ′(xi) = i for 1 ≤ i ≤ 3.
By construction of G′, for all vertices u ∈ R′i, φ
′(u) 6= i. Therefore φ|R ∪ φ
′|V (G)−R is a proper
coloring of G, a contradiction. 
Claim 9 There is no R ( V (G) with |R| ≥ 2 and ρG(R) ≤ 5.
Proof. Let 2 ≤ |R| < |V (G)| and ρ(R) = m = min{ρ(W ) : W ( V (G), |W | ≥ 2}. Suppose
m ≤ 5. Then |R| ≥ 4. Since G is 4-critical, G[R] has a proper coloring φ : R → C = {1, 2, 3}.
Let G′ = Y (G,R, φ). By Claim 8, G′ is not 3-colorable. Then it contains a 4-critical subgraph
G′′. Let W = V (G′′). Since |R| ≥ 4 > |X|, |V (G′′)| < |V (G)|. So, by the minimality of G,
ρG′′(W ) = ρG′(W ) ≤ 2. Since G is 4-critical by itself, W ∩X 6= ∅. Since every non-empty subset of
X has potential at least 5, ρG((W −X)∪R) ≤ ρG′(W )−5+m ≤ m−3. Since (W −X)∪R ⊃ R,
|(W −X)| ∪R| ≥ 2. Since ρG((W −X) ∪R) < ρG(R), by the choice of R, (W −X) ∪R = V (G).
But then ρG(V (G)) ≤ m− 3 ≤ 2, a contradiction. 
Claim 10 If R ( V (G), |R| ≥ 2 and ρ(R) ≤ 6, then R is a K3.
Proof. Let R have the smallest ρ(R) among R ( V (G), |R| ≥ 2. Suppose m = ρ(R) ≤ 6 and
G[R] 6= K3. Then |R| ≥ 4. By Claim 9, m = 6.
Let R∗ = {u1, . . . , us} be the set of vertices in R that have neighbors outside of R. Because G is
2-connected, s ≥ 2. Let H = G[R]+u1u2. Since R 6= V (G), |V (H)| < |V (G)|. By the minimality of
ρ(R), for every U ⊆ R with |U | ≥ 2, ρH(U) ≥ ρG(U)− 3 ≥ ρG(R)− 3 ≥ 3. Thus P (H) ≥ 3, and by
(3), H has a proper 3-coloring φ with colors in C = {1, 2, 3}. Let G′ = Y (G,R, φ). Since |R| ≥ 4,
|V (G′)| < |V (G)|. By Claim 8, G′ is not 3-colorable. Thus G′ contains a 4-critical subgraph G′′.
Let W = V (G′′). By the minimality of |V (G)|, ρG′′(W ) = ρG′(W ) ≤ 2. Since G is 4-critical by
itself, W ∩ X 6= ∅. By Fact 6, if |W ∩ X| ≥ 2 then ρG((W − X) ∪ R) ≤ ρG′(W ) − 6 + 6 ≤ 2, a
contradiction again. So, we may assume that X ∩W = {x1}. Then
ρG((W − {x1}) ∪R) ≤ (ρG′(W )− 5) + ρG(R) ≤ ρG(R)− 3. (4)
By the minimality of ρG(R), (W − {x1}) ∪R = V (G). This implies that W = V (G
′)−X + x1.
3
Let R1 = {u ∈ R∗ : φ(u) = φ(x1)}. If |R1| = 1, then ρG(W − x1 ∪ R1) = ρH(W ) ≤ 2, a
contradiction. Thus, |R1| ≥ 2. Since R1 is an independent set in H and u1u2 ∈ E(H), we may
assume that u2 /∈ R1. Then an edge u2z connecting u2 with V (G) − R was not accounted in (4).
So, in this case instead of (4), we have
ρG((W − {x1}) ∪R) ≤ ρG′(W )− 5− 3 + ρG(R) ≤ ρG(R)− 6 ≤ 0. 
Claim 11 G does not contain K4 − e.
Proof. If G[R] = K4 − e, then ρG(R) = 5(4) − 3(5) = 5, a contradiction to Claim 10. 
Claim 12 Each triangle in G contains at most one vertex of degree 3.
Proof. By contradiction, assume that G[{x1, x2, x3}] = K3 and d(x1) = d(x2) = 3. Let N(x1) =
X − x1 + a and N(x2) = X − x2 + b. By Claim 11, a 6= b. Define G
′ = G− {x1, x2}+ ab. Because
ρG(W ) ≥ 6 for all W ⊆ G−{x1, x2} with |W | ≥ 2, and adding an edge decreases the potential of a
set by 3, P (G′) ≥ min{(5, 6 − 3} = 3. So, by (3), G′ has a proper 3-coloring φ′ with φ′(a) 6= φ′(b).
This easily extends to a proper 3-coloring of V (G). 
Claim 13 Let xy ∈ E(G) and d(x) = d(y) = 3. Then both, x and y are in triangles.
Proof. Assume that x is not in a K3. Suppose N(x) = {y, u, v}. Then uv /∈ E(G). Let G
′ be
obtained from G − y − x by gluing u and v into a new vertex u ∗ v. Since |V (G′)| < |V (G)|, G′ is
smaller than G. If G′ has a 3-coloring φ′ : V (G′) → C = {1, 2, 3}, then we extend it to a proper
3-coloring φ of G as follows: define φ|V (G)−x−y−u−v = φ
′|V (G′)−u∗v, then let φ(u) = φ(v) = φ
′(u∗v),
choose φ(y) ∈ C − (φ′(N(y)− x)), and φ(x) ∈ C − {φ(y), φ(u)}.
So, χ(G′) ≥ 4 and G′ contains a 4-critical subgraph G′′. Let W = V (G′′). Since G′′ is
smaller than G, ρG′′(W ) = ρG′(W ) ≤ 2. Since G
′′ is not a subgraph of G, u ∗ v ∈ W . Let
W ′ = W − u ∗ v + u+ v + x. Then ρG(W
′) ≤ 2 + 5(2) − 3(2) = 6, since G[W ′] has two extra
vertices and at least two extra edges in comparison with G′′. This contradicts Claim 10 because
y /∈W ′ and so W ′ 6= V (G). 
By Claims 11 and 13, we have
Each vertex with degree 3 has at most 1 neighbor with degree 3. (5)
We will now use discharging to show that |E(G)| ≥ 53 |V (G)|, which will finish the proof of
Theorem 4. Each vertex begins with charge equal to its degree. If d(v) ≥ 4, then v gives charge 16
to each neighbor with degree 3. Note that v will be left with charge at least 56d(v) ≥
10
3 . By (5),
each vertex of degree 3 will end with charge at least 3 + 26 =
10
3 . 
4
3 Proof of Theorem 3
Let G be a plane graph with fewest elements (vertices and edges) for which the theorem does not
hold. Then G is 4-critical and in particular 2-connected. Suppose G has n vertices, e edges and f
faces.
CASE 1: G has no 4-faces. Then 5f ≤ 2e and so f ≤ 2e/5. By this and Euler’s Formula
n− e+ f = 2, we have n− 3e/5 ≥ 2, i.e., e ≤ 5n−103 , a contradiction to Theorem 2.
CASE 2: G has a 4-face (x, y, z, u). Since G has no triangles, xz, yu /∈ E(G). If the graph Gxz
obtained from G by gluing x with z has no triangles, then by the minimality of G, it is 3-colorable,
and so G also is 3-colorable. Thus G has an x, z-path (x, v, w, z) of length 3. Since G itself has no
triangles, {y, u} ∩ {v,w} = ∅ and there are no edges between {y, u} and {v,w}. But then G has
no y, u-path of length 3, since such a path must cross the path (x, v, w, z). Thus the graph Gyu
obtained from G by gluing y with u has no triangles, and so, by the minimality of G, is 3-colorable.
Then G also is 3-colorable, a contradiction. 
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